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State Space Models (SSMs),
Selective State Space Models (SSSMs) and
MAMBA

High-level Summary Video:
MAMBA and State Space Models Explained | SSM Explained
by Al Coeffee Break with Letitia
https://www.youtube.com/watch?v=vrF3MtGwDOY

Detailed Insights by the Inventor: Prof. Albert GU,
On the Tradeoffs of State Space Models
https://simons.berkeley.edu/talks/albert-qu-carnegie-mellon-university-2024-09-27

https://icml.cc/virtual/2024/39087
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State Space Models 101

— Shubham Gupta —
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Sequence Modelling: Recap

Goal: Map an input sequence to an output sequence

Discrete Sequences Continous Sequences
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Sequence Modelling: Models
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Sequence Modelling: Transformers

> SoTlA on sequence modelling tasks
> Struggle to scale over long sequences

> Why do we care?

o Enable new capabilities
o Model other sequential data
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Long Range Arena Benchmark

LRA [Yi Tay et al., 2020]

Measure long-context model quality
Multiple input modalities

Total tasks: 6

Input sequence length: 1k-16k

Transformer Performance;
o Avg. Accuracy: 52% F
o Unable to solve Path-X
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Ideal Model
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State Space Models

>
>

V.V

Kalman, 1960

Used in control theory/signal
processing

Modelled as continuous-timed
differential equation

1-layer, Linear Model

Time - Invariant




Deep SSMs

> Deep, non-linear model
> Deterministic transformation
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SSM Properties

Operates on signals/sequences

—ul b

/\/

x = Ax + Bu
y =Cx+ Du

Continuous
Representation

N

Discretize
_—

Efficient online computation

x = Ax + Bu

y =Cx+ Du

Recurrent
Representation

Source: Albert Gu

Unroll
—_—

Efficient pam“ehzaHe computation

v

Convolutional
Representation
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SSM: Recurrent

z'(t) = Az(t) + Bu(t)
y(t) = Cz'(t) + Du(t)

Discretize: A=T+AA
Recurrent "hidden state' = fiwk_l . & Buk

Out Projection Yr = Cx kT Duk

.............

---------------

Source: Albert Gu
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SSM: Convolutional

B = f_lwk_l = Buk Yk = C_J’wk + Duk
Expomd the terms
Ty = Bug T = AB’UO + Bu, o = Az.B’U,() + A_B’U,l + BUQ

Outpeut will be a linear projection of state

Yo = C'Bug + D’u,o
Y1 = C_'AB’UIO + C_'Bul + Dul
Yy = C_'fizBuo + CABu; + CBuy + Dus

No non-l?neaﬁ”ty => Simple computation

Extrocting common coefficients, we gel the SSM Kemel

ﬂﬁ\_

K = (CA*B)

R—¥—

Source: Albert Gu
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SSM: Convolutional Kernel

Mul‘tiply
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SSM: Convolutional Kernel

Mul‘biply
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SSM: Convolutional Kernel

Mul‘tiply

CA*B | CA’B
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SSM: Convolutional Kernel

Mul‘tiply
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Deep SSM: Challenges

> Modelling Challenge
o SSMsinherit problems of CNN,RNN
on LRA
o Random init A
m 60% acc sequential MNIST &

> Computation Challenge
o SSM has nice propertiesif 4 and K
are known
o Computing them is hard!

> Computing the Kernel
o A power [§-> vanishing gradient?
o A power [¥-> O(D?N) computation
m Ideal -> O(N)

zr = Azj_1 + Buy

Yr = Czi + Duy,

K = (CA'B)cs
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Mamba($6): Selective SSM

V'V

SSSS SS oo ﬂ" Selective State Space Model
Improves SSM performance on e B

copying tasks L I . ﬁi
Handles input data that is e

varying in time

T

| -

o - J
°__[a

Only supports recurrent form

SSM(H3) + Selection Mechanism +

Parallel Scan
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Mamba: Architecture

A

N

N

P

il

Ju

SSM SSM
— © ® ©
Conv Conv
[ I
| | \ / \ | /N / \ | y
H3 ® Gated MLP — Mamba

Source: MambalAlbert Gu, Tr Dao 20231

Linear
projection

Sequence
transformation

Nonlinearity
(activation or
multiplication)
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Mamba: Implementation

Algorithm 1 SSM (S4) Algorithm 2 SSM + Selection (S6)
Input: x : (B,L,D) Batch size: B Input: x : (B,L,D)
Output: y : (B,L,D) Prompt token size: L Output: y : (B,L,D)
1: A: (D,N) « Parameter Token climensions: D 1: A : (D,N) « Parameter
> Represents structured N X N matrix > Represents structured N X N matrix
2: B : (D,N) « Parameter 2: B : (B,L,N) « s3(x) )
3: C : (D,N) « Parameter 3:|C : (B,L,N) « sq(x) Linear layers
4: A : (D) « t,(Parameter) 4:|A : (B,L,D) « t,(Parameter+s,(x))
5: A,B: (D,N) « discretize(A, A, B) 5: A,B : (B,L,D, N) « discretize(A, A, B)
6: y <« SSM(A, B, C)(x) 6: y « SSM(A, B, C)(x)
> Time-invariant: recurrence or convolution > Time-varying: recurrence (scan) only
7: return y 7: return y No pod‘a“el 'train3n3\F

Source: MambalAlbert Gu, Tr Dao 20231
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Mamba: Scan Operation

— OEDOEEO6 @ﬁﬁ@@é

~ DE00BEEEE Loeeme

Current val = Sum of previous val + input _ _
x; = Axi_1 + Buy

Y = Cry

Current State: Sum of previous state + input
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References on Parallel Scan

e Slides from: Dan Grossman, U of Washington,
http://homes.cs.washington.edu/~djg/teachingMaterials/spac

e Slides from David Walker, Princeton,
https://www.cs.princeton.edu/courses/archive/fall13/cos326/lec/23-parallel-scan.
pdf

e MIT 18.337 Modern Numerical Computing Lecture notes on Parallell Prefix:
https://courses.csail.mit.edu/18.337/2004/book/Lecture _03-Parallel_Prefix.pdf

e Parallel Scan — Udacity, Slides from
https://youtu.be/O03014cINbo?si=6ftOVvT CUSFSu8RI2

e Stanford CS149 Parallel Computing lecture:
https://www.youtube.com/watch?v=Ba3TgxSagnTk
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The Prefix-sum Problem

val prefix_sum : int array -> int array

input 6 4 16 10 16 14 2 8

output 6 10 26 36 52 66 68 76

The simple sequential algorithm: accumulate the sum from left to right

— Sequential algorithm: Work: O(n), Span: O(n)
— Goal: a parallel algorithm with Work: O(n), Span: O(log n)

25
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Parallel Prefix Sum

The trick: Use two passes
— Each pass has O(n) work and O(1og n) span
— So in total there is O(n) work and O(1og n) span

First pass builds a tree of sums bottom-up
— the “up” pass

Second pass traverses the tree top-down to compute prefixes
— the “down” pass

Historical note:

— Original algorithm due to R. Ladner and M. Fischer at the
University of Washington in 1977

26
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Parallel Prefix Sum

Example T
sum 76
/ fromleft \
range 0,4 range 4,8
sum 36 sum 40
fromleft fromleft
range 0,2 range 2,4 range 4,6 range 6,8
sum 10 sum 26 sum 30 sum 10
fromleft fromleft fromleft fromleft
r 0,1 r 1,2 r 2,3 r 3,4 r 45 r 56 r 6,7 r 7,8
S 6 S 4 S 16 S 10 S 16 s 14 s 2 S 8
f f f f f f f f
input 6 4 16 10 16 14 2 8
output

27




Parallel Prefix Sum

Example P
sum 76
/ fromleft 0 \
range 0,4 range 4,8
sum 36 sum 40
fromleft 0 fromleft 36
range 0,2 range 2,4 range 4,6 range 6,8
sum 10 sum 26 sum 30 sum 10
fromleft O fromleft 10 fromleft 36 fromleft 66
r 0,1 r 1,2 r 2,3 r 3,4 r 4,5 r 56 r 6,7 r 7,8
S 6 S 4 S 16 s 10 S 16 S 14 s 2 S 8
f O f 6 f 10 f 26 f 36 faR52: f 66 f 68
input 6 4 16 10 16 14 2 8
output 6 10 26 36 52 66 68 76

28




Parallel Scan: Another Example




Parallelizing a Recurrence Relation Computation via
Parallel Scan

- The parallel scan operation works in two passes:
- An Up-sweep
- A down-sweep

- During the up-sweep, we first break down our input into blocks. Here,
assume that we use a block of 2 elements

- The variable "R" just represents the range of elements being considered,
and the variable “S” represent the sum

- Initialize the variable “S” for each left node in the tree as the element at
that index

- Sum up child nodes and assign the value to “S” in the parent node

30



Parallel Scan: Up-Sweep

-Sweep

31




Parallel Scan: Up-Sweep

-Sweep
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Parallel Scan: Up-Sweep

-Sweep
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Parallel Scan: Down-Sweep




: Down-Sweep

Parallel Scan
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Parallel Scan: Down-Sweep




: Down-Sweep

Parallel Scan

V

Douwn-Sweep

g ®W & & & &

)
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| Result

ina

F

Parallel Scan

\

Dowv\—Swe,e_P

i

X

Runtime: O(log(ﬂ))
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Mamba: Synthetic Tasks Results

Model  Arch. Layer  Acc.
S4 No gate  S4 18.3
- No gate S6 97.0
H3 H3 S4 57.0
Hyena  H3 Hyena 30.1
- H3 S6 99.7
- Mamba S4 56.4
- Mamba Hyena 284
Mamba Mamba S6 99.8

Selective Copying

Accuracy

=== MHA-Absolute
=== MHA-ROPE
s MHA-xPos
—— H3

== Hyena
=== Mamba
= Random
----- Train Length

e
102

T T T T T T T TTTTT T T T T
108 10* 10°% 108

Test Sequence Length

Induction Heads
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Mamba: LM Results

Model Token. Pile LAMBADA LAMBADA HellaSwag PIQA Arc-E Arc-C WinoGrande Average
ppll ppll acc T acc T accT acct acc T acc 1 acc?T
GPT-Neo 1.3B GPT2 — 7.50 372 48.9 71.1 56.2 25.9 54.9 524
Hybrid H3-1.3B  GPT2 — 11.25 49.6 52.6 71.3 59.2 28.1 56.9 53.0
OPT-1.3B OPT —_ 6.64 58.0 53.7 72.4 56.7 29.6 59.5 55.0
Pythia-1.4B NeoX 7.51 6.08 61.7 521 71.0 60.5 28.5 e 55.2
RWKV-1.5B NeoX 7.70 7.04 56.4 52.5 72.4 60.5 29.4 54.6 54.3
Mamba-1.4B NeoX 6.80 5.04 64.9 59.1 742  65.5 32.8 61.5 59.7
GPT-Neo 2.7B GPT2 — 5.63 62.2 55.8 721 61.1 30.2 57.6 56.5
Hybrid H3-2.7B  GPT2 — 7.92 55.7 59.7 733  65.6 323 61.4 58.0
OPT-2.7B OPT —_ 5.12 63.6 60.6 748  60.8 313 61.0 58.7
Pythia-2.8B NeoX 6.73 5.04 64.7 59.3 74.0 64.1 329 59.7 59.1
RWKV-3B NeoX 7.00 524 63.9 59.6 73.7 678 33.1 59.6 59.6
Mamba-2.8B NeoX 6.22 4.23 69.2 66.1 752  69.7 36.3 63.5 63.3

Zero-shot Eval on popular benchmarks



Mamba: Scaling Results

Time (ms)
- =

o
-

Scan vs Convolution vs Attention time (A100 80GB PCle)

Inference throughput on A100 80GB (prompt length 2048)

== FlashAttention-2 =
=== Convolution P —
2 1500 =
«=Scan (PyTorch) " -
== Scan (ours) E
ooM 2]
o < 1000 -
-
=]
2
K-
o
3
,‘:9 500 -
'—
I 1 1 1

1 I 1 I 1 I 1
512 1k 2k 4k 8 16k 32 64k 128k 256k 512k
Sequence length

Source: MambalAlbert Gu, T Dao 20231

Mamba 1.4B
Transformer 1.3B
Mamba 6.9B
Transformer 6.7B

w

Batch size

1814

515
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Mamba: Other Modalities

Perplexity

Scaling Laws on the Human Genome (HG38)

Scaling Laws - Sequence Length (HG38)

=== HyenaDNA 3.00 4 === HyenaDNA 1.4M
3.1 == Mamba == Mamba 1.4M
== Transformer++ 2959 . Mamba7M
3.04 E 2.90 1
g \
K
2.9 §2~85-
o
2.80 1
2.8
2754 T
2.7 4
10° 107 10° 104 10° 100

Parameters (log scale)

Sequence Length

Zero-shot Eval on populom benchmarks

Scaling Laws - Sequence Length (YouTubeMix)

1.475
e S4+FFN
1.450 1 «== Mamba
1.425
1.400
1.375
1.350
1.325
1.300 L r S —— . —————r
104 10° 100
Sequence Length




Mamba: Derivatives

VYVYYVYVVY

Jamba
MambaByte
Vision Mamba
Mamba MoE
U-Mamba
Mamba-Morph
Swin-UMamba
Graph Mamba

[O, Lieber et al., 2024]
[J Wang et al., 2024]
[Zhu, L, et al., 2024]
[Pidro, Maciej, 2024]
[Ma, Jun et al., 2024]
[Guo, Tao et al., 2024]
[Liu, J, et al., 2024]
[Behrouz et al.,, 2023]

:g.’.'( Sasha Rush
ey g
v © @srush.nlp

Mamba apparently was rejected !? ( )

Honestly | don't even understand. If this gets rejected, what chance do
us @ s have.

open openreview.net

ReVieW Mamba: Linear-Time Sequence Modeling with Selective Stat
Foundation models, now powering most of the exciting
net applications in deep learning, are almost universally base...
.

10:32 PM - Jan 25, 2024 - 566.8K Views

Mamba, rejected from ICLR 2029 &

Mamba got
Outstanding Paper Award in COLM 2024
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Theoretical Work on Capabilities of SSMs vs. Transformers

e Naoki Nishikawa, Taiji Suzuki. ”State Space Models are Provably
Comparable to Transformers in Estimating Functions in Dynamic Token
Selection,” to appear in ICLR 2025.

e Samy Jelassi, David Brandfonbrener, Sham M. Kakade, Eran Malach,
“Repeat After Me: Transformers are Better than State Space Models at
Copying, Transformers are Better than State Space Models at Copying”,
ICML 2024.
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Conclusion

>

SSMs are a promising
alternative to attention.
Inference according to input
was realized by Mamba.
Hardware-Aware algorithms
are the key to scale.
Promising other research:

(©)

(@)

RWKV [Peng, Bo et al., 2023]
Gemini 1.5 [Gemini Team, 2024]

Moor SSM and Mamba Goodness
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RWKYV - Receptance Weighted Key Value

(pronounced as “RwaKuv”)



Receptance Weighted Key Value
(RWKYV): Reinventing RNNs for the

Transformer Era
(based on the “old” RWKV-v4 architecture)

RWKYV: Reinventing RNNs for the Transformer Era

Bo Peng!* Eric Alcaide?>*** Quentin Anthony>**
Alon Albalak® Samuel Arcadinho® Huangi Cao® Xin Cheng® Michael Chung!
Matteo Grella' Kranthi Kiran GV> Xuzheng He? Haowen Hou'® Przemystaw Kazienko!
Jan Kocori* Jiaming Kong'® Bartlomiej Koptyra'* Hayden Lau? Krishna Sri Ipsit Mantri'®
Ferdinand Mom'"'®  Atsushi Saito>” Xiangru Tang?® Bolun Wang” Johan S. Wind?' Stanistaw Wozniak'
Ruichong Zhang® Zhenyuan Zhang? Qihang Zhao™* Peng Zhou” Jian Zhu* Rui-Jie Zhu*?*

Presentation by Devan S. Zhun W. Ziyang W.



RWKV

Beyond Transformers - Intro to RWKV Architecture & The World Tokenizer
Eugene Cheah & Harrison Vanderbyl, Dec 2023
https://www.youtube.com/watch?v=I-HMKKky7Qsw

Performance of Eagle-7B, an RWKV-v5 Architecture, Jan 2024
https://www.youtube.com/watch?v=gHdRgfmAVIw

Latest model as of Feb 2025: RWKV-v7 (Goose)
https://github.com/BlinkDL/RWKV-LM/blob/main/RWKV-v7/rwkv_v7_demo.py
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High-Level Overview of
RWKV



RNN vs. CNN vs. Quai-RNN

LSTM CNN QRNN
Linear Convolution # Convolution #
LSTM/Linear Max-Pool | | fo-Pool [~ — — — — —
Liowee Comkition # Conekiion #
LSTM/Linear — Max-Pool [seee = fo-Pool [EEIEIE=I=—=——
v

Figure 1: Block diagrams showing the computation structure of the QRNN compared with typical
LSTM and CNN architectures. Red signifies convolutions or matrix multiplications; a continuous
block means that those computations can proceed in parallel. Blue signifies parameterless functions
that operate in parallel along the channel/feature dimension. LSTMs can be factored into (red) linear
blocks and (blue) elementwise blocks, but computation at each timestep still depends on the results
from the previous timestep.

Source: J. Bradbury et al, Quasi RNN, 2016, https://arxiv.org/pdf/1611.01576v2 See also: https://paperswithcode.com/method/grnn



https://arxiv.org/pdf/1611.01576v2

From RNN to Quai-RNN to RWKV

RWAKYV builds on existing sequence-to-sequence models with an
architecture of stacked residual blocks (alternating time-mixing and

channel-mixing blocks)

Linear

‘ T Time-mixing
RNN CellLinear -]+ |-[]~[]-C]—~ ' n N
TT T T T T crametmiing (I S
@RON Time-mixing —
Channekmixing _
Elementwise | ¢ L : | (¢) RWKV
Pooling
Convolution | ' T (Continuous blocks can occur simultaneously)
Elementwise | } ¢ : |
Pooling ; ; 3

(b) QuasiRNN (Bradbury et al., 2017)



From RNN to Quai-RNN to RWKV

RWAKYV builds on existing sequence-to-sequence models with an
architecture of stacked residual blocks (alternating time-mixing and

channel-mixing blocks)

RNN Cell/Linear -»I:]—»-D-—-»D_.g_.

Linear
RNN Cell/Linear *D*-*D*.*D*U+
t
(a) RNN

Convolution |

Elementwise | ¢ ¢ : |
Pooling

Convolution |

Elementwise | : $ t |
Pooling 7 ; ;

(b) QuasiRNN (Bradbury et al., 2017)

Time-mixing |

Channelmixing _

Time-mixing |

Channek mixing _
(¢) RWKV

(Continuous blocks can occur simultaneously)

: | Channel Mix | { ¥ Channel Mix | ¥ Channel MixJ
—Soee® ! Toen | ;

B S S

....................



From RNN to Quai-RNN to RWKV

RWAKYV builds on existing sequence-to-sequence models with an
architecture of stacked residual blocks (alternating time-mixing and

channel-mixing blocks)

RNN Cell/Linear -»I:]—»-D-—-»D_.g_.

Linear
RNN Cell/Linear *D*-*D*.*D*U+
t

(a) RNN

Convolution |

Elementwise | ¢ ¢ : |
Pooling

Convolution |

Elementwise | : $ t |
Pooling 7 ; ;

(b) QuasiRNN (Bradbury et al., 2017)

Time-mixing |

Channelmixing _

Time-mixing |

Channek mixing _
(¢) RWKV

(Continuous blocks can occur simultaneously)

: | Channel Mix | { ¥ Channel Mix | ¥ Channel MixJ
—Soee® ! Toen | ;

B S S

....................

=D O

(Receptive field grows in similar manner as CNN)



RWKYV: architecture overview

R: Receptance vector acting as the
acceptance of past information.

W: Weight is the (trainable)
positional weight decay vector.

K: Key, analogous to Kin standard
attention.

V: Value, analogous to V in standard
attention.

Channel Mixing

l LayerNorm l

L Time Mixing

LayerNorm

LayerNorm

§ii




Defining RWKV

The RWKYV architecture derives its name from the four primary

model elements used in the time-mixing and channel-mixing

blocks: Attn(Q, K, V) = softmax(QK ")V,

ZT g Kk
. edt My,
- R: Receptance vector acting as the acceptance of past information Attn(Q, K, V), = <=1

T q ki
- W: Weight is the positional weight decay vector (trainable model parameter) 2= €%
« K: Key is a vector analogous to K in traditional attention It Zt-—1 eWtithig,
. . . . Attn™ (W, K, V); = &2=
 V: Value is a vector analogous to V in traditional attention St ewtithi
wy i = —(t — 1)w,

t-1 o= (t-1-ijwthiqy, 4 guthiy,

wkv; =
: Zt—i e— (t—1—t)w+k; + eutke
=




Defining RWKV

The RWKV architecture derives its name from the four primary model elements used in the

time-mixing and channel-mixing blocks:

. . . Attn(Q, K, V) = soft K'
 R: Receptance vector acting as the acceptance of past information n(Q, K, V) = softmax(QK ")V,
« W: Weight is the positional weight decay vector (trainable model parameter) ZT
- K: Key is a vector analogous to K in traditional attention Attn(Q, K, V) = ifrl >
« V: Value is a vector analogous to V in traditional attention Dimy €%

k

ede Kiq,

t wy,i+ki,,.
wkv, actsin place of Attn(Q, K, V) without quadratic cost Attn* (W, K, V), = 2171 2 - _H:”
(note the scalar interactions) D A=t

we; = —(t — 1)w,

t—1 —(t—1—2 :
Ez=16 (t 1 z)w+k‘,vz,+eu+k¢,vt

E:;} e—(t—l—’i)w-{-ki + 6U+kt

wkvy =

"Inspired” by “An Attention-Free Transformer (AFT)”, by Zhai et al, 2021



RWKYV: architecture overview

R: Receptance vector acting as the
acceptance of past information.

W: Weight is the (trainable)
positional weight decay vector.

K: Key, analogous to Kin standard
attention.

V: Value, analogous to V in standard
attention.

Channel Mixing

l LayerNorm l

L Time Mixing

LayerNorm

LayerNorm

§ii




Channel and Time Mixing

Channel Mixing =~ “%~  Time Mixing

M Head | LMI-Iiead

Analog: shorter-term memory Analog: longer-term memory

(Mix over channels only) % @ , (Mix over time and channels)

ry = Wy - (#rmt -+ (1 —= Hr)xt—-l), = = = = - ry =W, (ﬂ'rmt + (1 - /J'r)mt—l),

ke = Wi - (ueze + (1 — pr)zeo1), . ke = Wi - (urze + (1 — pe)Te-1),

ot = o(r) © (W, - max(kt, 0)?), < " =y ve =Wy + (Bt + (1 — pho)Te-1),

LayerNLm\ anft LayerJNO: o e E:— -—(t-l-—z')w+ki,v i eu+k¢,vt

Layer Norm | Layer Norm = E —1 e—(t—=1—i)w+k; 4 eutke

or =W, - (a(rt) © wkuvy),

Please refer to https://wiki.rwkv.com/advance/architecture.html for more thorough analysis
from the authors about the short term and long term natures of channel and time mixing.
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Channel and Time Mixing

Channel Mixing =~ % Time Mixing

| LMHead | LM Head

.......

Analog: shorter-term memory ‘

Analog: longer-term memory
(Mix over channels only) ’%

(Mix over time and channels)

Channel Mix ‘ Channel Mix

ot

Layer Norm Layer Norrn

re =W, (/"rmt + (1 - /—"r)mt—l)s
k= Wi« (e + (1 — pig)Z—1),
ve =Wy (ot + (1 — o)1),

« . o t—1 —(t—1-i)w+k: u+ky
forget gate Vie (on
getg kv, = Zz—

(SIngId of receptance) | Layer Norm | Layer Norm Zt 1 —(t 1—i)w+k; o eu+k¢

or = W, - (o(rs) © wkvy),
“forget gate”

re = Wy - (rze + (1 — pr)Te-1),
ki = Wi - (mexe + (1 — pr)ze—1),
0y = O'(Tt) ® (Wv ‘ ma.X(kt,O)2),

name

Please refer to https://wiki.rwkv.com/advance/architecture.html for more thorough analysis
from the authors about the short term and long term natures of channel and time mixing.
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Channel and Time Mixing

Channel Mixing @ “%~  Time Mixing

| M Head LM Head

Analog: shorter-term memory Rere sl Analog: longer-term memory
(Mix over channels only) >€P (Mix over time and channels)

5 Channel Mi
(token shifts canjust i | CM"W a"% (token shifts can just
be considered as x) Layer Nomm | | LayerNom be considered as x)
ry =W, (:U'rmt + (1 _ N'r)xtfl)s

re = W; - (liree (= Pr)Tt-1),
ke =Wy - (,Ltkfvt + (1 — pg)xe-1), ks = Wy - (przs + (1 — PE)Te—1),
ve = Wy - (ot + (1 — po)Ti-1),

o; = a(r¢) © (W, - max(ks,0)?),

- qoxe®
“forget gate” P “’Ve’l"“"‘ | L""e’i“": ¢ —1 e~ (t—1=dwtkiy,. 4 putkey,
(SIngId of receptance) | Layer Norm | Layer Norm | wkvt = ; 1 e—(t—l—l)w+ki o eu+k¢
1=
name

or = W, - (o(rs) © wkvy),
“forget gate”

Please refer to https://wiki.rwkv.com/advance/architecture.html for more thorough analysis
from the authors about the short term and long term natures of channel and time mixing.



https://wiki.rwkv.com/advance/architecture.html

RWKYV In-Depth



RWKYV: architecture overview

R: Receptance vector acting as the
acceptance of past information.

W: Weight is the (trainable)
positional weight decay vector.

K: Key, analogous to Kin standard
attention.

V: Value, analogous to V in standard
attention.

Out

RWKV-LM Head ;
2
3
-

LayerNorm

- |
e

T\

Channel Mixing

LayerNorm

1

L Time Mixing

LayerNorm

LayerNorm

N




RWKYV: architecture overview

R: Receptance vector acting as the &)

acceptance of past information. Channel
. W:Weightis the (trainable) v
positional weight decay vector. R K
. K:Key, analogous to K in standard

attention. @E’

. V:Value, analogous to Vin standard ‘

attention.
Sigmoid
(forget gate)

IR]I:I[‘;]
)

(Germom)




RWKYV: architecture overview

. R:Receptance vector acting as the P
acceptance of past information. Shame
. W:Weightis the (trainable) v

positional weight decay vector.
. K:Key, analogous to K in standard

attention.
. V:Value, analogous to Vin standard

attention.

w; = —(t — Hw, (10)

where w € (R>0)%, with d the number of chan-
nels. We require w to be non-negative to ensure
that e*t¢ < 1 and the per-channel weights decay
backwards in time.




RWKYV: architecture overview

. R:Receptance vector acting as the
acceptance of past information.

. W:Weightis the (trainable)
positional weight decay vector.

. K:Key, analogous to K in standard
attention.

« V:Value, analogous to Vin standard
attention.

M

(Capstorm)

Time
Mixi
1

] | ERRET|
i

\

Out
I
K
i

(Germom)




Time-Mixing Block

=W (rxs + (1 — pr)2-1),

kt Wi - (prxe + (1 — pr)ze—1),
=Wy« (ot + (1 — po)Ti-1),
-y E = e—(t 1—2)w+k; iy + eu+kt,vt
t —

Z:=1e (t—1—2)w+k; + eutkt

or =W, - (o(rt) ® wkuvy),

(11)
(12)
(13)

, (14)

(15)

Time
Mixing

Out

w—t—t T x




Time-Mixing Block

Analogous to
standard transformer

(1= pr)xt-1), (11)
(1= px)zi-1), (12)
(1 — po)ze-1), (13)
Zz 1e” i— l—z)w+kz,vz +eu+kt'Ut
Zt L e—(t—1—d)w+ki 4 guthke
or = Wy - (o(1t) © wkuy), (15)

, (14)

T -* z




Time-Mixing Block
Token Sh| ft LMHead | LM.Iil.ead ﬂl-lead

re=We- (o +(1 - poze),  an o Lt <b;%ﬂ
i annel Mix : > annel IVliX ' L annel Mix

ki = Wy - x: +(1 — Ti—1), 12 o oen
‘ k- (e +(1 = pr)ze-y) 2) o™ | rmnen] o | "‘Layerjm

v = Wo- (lome H(1 = po)ze—y),  (13) e s e

wk'vt = -1 - y (14) ; -~ States | -~ States | :
E_ e—(t‘—l"z)w'{"ki £, eu+kt Time Mix : Time Mix Time Mix
=1 N 5 £ N o 7 C Y I
0y = Wy - (a(re) © whkuy), (15) - [rapertom ' ) [ayrniom | ' || [iaperiom

Layer Norm Layer Norm
(_name )

| Layer Norm



Time-Mixing Block

re = Wy (ert + (1 = ﬂ"r)xt—l)v (11)

ke = Wi - (e + (1 — pr)xe-1), (12)

ve = Wy - (ot + (1 — po)Tt-1), (13)
t_—l —(t—1-d)w+k;,,. u+k

whu; =|2==1° G i1 R
Z:=i e—(t—1—-i)w+k; + eutkt

or = Wy - (o(1t) © wkuy), (15)

‘Attention” in RWKV




WKV Computation

wkv; =

Time
Mixing

Zt 1 =t~ z)w+kz,v _|_eu+kt,v

:_i —(t—1—1)w+k; +eu+kt ? (14)

Out




WKV Computation

:;% 6—(t_1_i)wl+ki’l)i + 6u+kt’vt
wkvy = =) : , (14)
g e (t—1—dwrk; 4 cutks

we; = —(t — dw, (10)

where w € (R>0)?, with d the number of chan-
nels. We require w to be non-negative to ensure
that e*** < 1 and the per-channel weights decay
backwards in time.

Time




WKV Computation

wkvy =

>

t—1 —(t—1—1 :
e (t—1 z)w+kz,vi_|_eu+kt|vt, 14

t—1 o—(t—1—i)wtk; 4 gtk

=1

Engineering trick: special
treatment for the current
timestep t. Need an additional
learned u vector to “compensate
for degradation of w”.

Time
Mixing

~| 0 | Q

= H»| X o




Time-Mixing Block

M’;‘S:g Out
=W, (urze + (1 — pr)z-1), (11)
kt Wi - (e + (1 — pr)Ti-1), (12)
=Wy - (ot + (1 — po)2i-1), (13)
—(t—1—d)w+hk; utk
= 2231:1 e( (t— 1) z)w+:zi:u+k:vt’ 14
ot =|Wo - (o(1t) © wkuy), (15) i

e B o e o x
-




Channel-Mixing Block

re = Wr - (rxe + (1 — pr)xt-1),
ki = Wi - (prze + (1 — pg)xe—1),

|

oy = O'(T't) ®© (Wv : max(kt7 0)2)a




Channel-Mixing Block

Channel
re = Wr - (rxe + (1 — pr)Te—1), f“"”

ki = Wi - (e + (1 — pg)xe—1),

[ot = o(ry) ® (W, - max(ky, 0)?), ]




Putting them together:

Output Probabilties m “ Bob
LM Head LM Head LM Head

Channel

25 T T
Channel Mixing _J

l LayerNorm l
UV

L Time Mixing -J

oo

Layer Norm




Notes on efficiency

Given T tokens, d hidden
ZT 7y Kif,. dimension.

§=1 L4 8 :
T Tk ( ) . Standard attention: O(T"2d).
D=1 €% ™

(O

Attn(Q, K, V) =

Zt 1 —(t 1— z)w—{-kz,v _|_eu+kt,vt
Zzzie (t—1—dw+k; | eutks

wkvy = , (14)



Notes on efficiency

. Given Ttokens, d hidden

Z;tr_l eq;rkivz- dimension.
Attn(Q, K7 V)t — T Ty * (8) . Standard attention: O(T"2d).
D=1 €% ™ WKV:

o Wecanreusevandk!

t—1 —(t 1—d)wHk;,,. u+ky
why, = 2= fuft et

Zzzie (t—1—dw+k; | eutks



Notes on efficiency

T
Attn(Q, K, V) = 2iz1

’wk’Ut =

£ ki

edt Fiy,

T T L.
D jiiede

Et 1 —(t 1— z)w+k

= —(t—1—%)w+k;
Zi=1e ( Dty

e'U:""‘kt

| | eu—{-kt vtI

(14)

Given T tokens, d hidden
dimension.
Standard attention: O(T*~2d).
WKV:
o WecanreusevandKk!
o Compute (update) the
wkv score costs O(Td).



Express WKV recursively

Zt 1 —(t 1— )w+kz,v _|_eu+k't,ut

wkvy = ZZ_}e (t—1—d)w+tki 4 gutke p {d4)
ai—1 + evthty,
'U)IC’Ut = bt_l n 6U+kt j (20)
a; = e Ya;_1 + eFtuy, (21)

by = e b1 + et. (22)



Express WKV recursively

dyq. eu+kt Vs

wkvy = g (20)
ar = e Ya;_1 + ey, (21)
by = e ¥b_; + €. (22)

Key idea: WKV can be viewed both as
attention and RNN-like hidden state.

h; 4

Xt

Figure 7: RWKYV time-mixing block formulated as an
RNN cell. Color codes: yellow (1) denotes the token
shift, red (1) denotes the denominator, blue (2) denotes
the numerator, pink (3) denotes the fraction computa-
tions in 14. h denotes the numerator-denominator tuple

(a,b).



Training: time-parallel mode

Similar to Transformer: take
advantage of parallelized
training.

. Wr, Wk, Wv matrices are
easily parallelizable.

. WKV is time-dependent,
but can be parallelized
along axis of batch and
dimension.

. Further, token shiftis
implemented easily with
nn.zZeroPad2d((0,0,1,-1))

Channel

M

l La;erNorm l

AV

Y
Time
Mixing Eom

WKV

1 ’4' T
IENENER

1

e .

Time Mix

Laye|: Norm

Layer Norm

okt —qoxe’
ot ‘ Layer Norm ‘ it

[ Layer Norm



Inference: time-sequence mode

Similar to RNN: take advantage of
constant memory footprint. g

. Replace the time-mixing re = Wr - (prze + (1 — pir)e-1),
block with the equivalent ki = Wy - (pexe + (1 — pe)xe—1),

RNN cell. o = o(ry) ® (W, - max(ky, 0)2),

. Constant speed and memory )
footprint, regardless of N Ime [ ow
sequence length. B ... li\

. Incontrast, self-attention o || ww
requires linearly growing KV ) [ t X ! | | t ]
cache for increasing t tﬁl

sequence length. iR




Experiments

e RQ1: Is RWKV competitive against
quadratic transformer architectures with equal
number of parameters and training tokens?

 RQ2: When increasing the number of param-
eters, does RWKYV remain competitive against
quadratic transformer architectures?

* RQ3: Does increasing parameters of RWKV
yield better language modeling loss, when
RWKYV models are trained for context lengths
that most open-sourced quadratic transform-
ers cannot efficiently process?



Performance and scaling behavior

o 87.0! 48.0 1
il 43.0 1
S5 82.0+
77.01 38.01
65.0+ . 33.0-
60.0 72,07 28.0-
—— RWKV ‘ —— RWKV : —— RWKV
55.01 ) 67.0+ : 23.01 i
—=— Pythia —=— Pythia —=— Pythia
50.01 =="0PT 6291 —— OPT 180 ——0PT
45.01 —— BLOOM 57.01 —— BLOOM 13.04 —— BLOOM
0. A i
® 010-l 10° 10! o %0-1 10° 10! ¥ 010-1 10° 10!
(a) Winogrande (b) PIQA (c) ARC-Challenge
82.0
78.0+ 77.0+ 99.0+
73.01 72.04 4
68.01 67.0 | o
63.0. 62.0 89.01
58.01 = B —— RWKV
53.01 47.0 1 79.0- -
48.01 42.0+ —— Pythia
43.01 ;;g 74.04 e OPT
38.01 —— BLOOM 57 0] —— BLOOM 69.0+ —— BLOOM
Bh 5 10° 10! 245 10° 10! 8496 10° 10!
(d) ARC-Easy (e) LAMBADA () SciQ

Figure 4: Zero-Shot Performance: The horizontal axis is a number of parameters and the vertical axis is accuracy.



Effect of context length

L}
% -@- 7B 8k
G 3 ‘~\ | -®- 14B 8k
a 7]
o 7
9 "\»}‘
o .
2 S':'.L_‘“:
2'1 2'3 2'5 2I7 219 2 I1 1

Context Length

Figure 5: Increasing context length contributes to lower
test loss on the Pile (Gao et al., 2020).



Inference efficiency

cuda_facebook/opt-2.7b
cuda_EleutherAl/gpt-neo-2.7B
cuda_bigscience/bloom-3b
cuda_EleutherAl/pythia-2.8b
cuda_rwkv-4-pile-3b

60

50

40

30

20

10

Cumulative GPU time (s) in text generation

0 200 400 600 800 1000
# Tokens

Figure 6: Cumulative time during text generation for
different LLMs.



Observation on prompts

Additionally, we carried out comparative studies
on RWKV-4 and ChatGPT / GPT-4, see Appendix
J. They revealed that RWKV-4 is very sensitive to
prompt engineering. When the prompts were ad-
justed from the ones used for GPT to more suitable
for RWKY, the F1-measure performance increased

even from 44.2% to 74.8%.
Prompt for ChatGPT: Prompt for RWKV:
Having premise <here is a premise> judge if the Can you tell me if the hypothesis is entailment or is
following hypothesis <here is a hypothesis> are not entailment to the premise?

logically connected with the premise? Answer "en-

premise: <here is a premise>
tailment" if yes, or "not_entailment" if no.

hypothesis: <here is a hypothesis>



Takeaway

Main Contributions:
. Alinear “attention” mechanism that replaces the quadratic self-attention.
. Enjoy both parallelization (for training) and constant speed/memory footprint (for
inference).

Limitations:
. RNN-style single vector representation limits the model’s ability to “look back’,
compared to exact information retained in self-attention.
. Consequently, prompt engineering is crucial to the model performance.



Rapidly
Evolving

Architecture of
RWKYV

RWKV in one diagram
(RWKV-6.0)

Dimension ¥

Output
Embedding

i

The original diagram on RWKV.com
was wrong, this s the carrected
version.

@ (R - Crtes:operators

Armows and rounded rectangles:

ctors (unless bokded,
dimension D f outsice WKV
head oise 64)
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rectangles: maices (cimensions.
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N
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(3.5x model dimension)
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Time Mix
WKV Heads

1] ar.u

Token Shift
input for
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Embedding

RWKV Block x L

3 The Layer Norm with respect to heads is
quivalent to Group Norm.
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RWKV in one diagram
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Benchmark Performance of RWKV-7 (circa Feb 2025)

*** RWKV-7 World-v3 1.5B MMLU 44.84% (organic leap from RWKV-6 World-v2.1 1.6B MMLU 26.34%, no eval-maxxing, no HQ-annealing, no post-training) ***
Im-evaluation-harness params LAMBADA English LAMBADA PIQA  StoryCloze16 Hellaswag WinoGrande arc_challengi arc_easy headQA_en openbookQA  sciq ReCoRD MultiLang xLBD xSC XWG xCOPA

model B ppl avg% acc acc acc acc_norm acc  acc_norm  acCc  acc_normacc_norm  acc em avg%
RWKV-7 “Goose" World-v3 1.52 42.5% 94.4%

SmolLM2-1.7B (+emb = 1.81b) 1.81
Qwen2.5-1.5B (+emb =1.78b) 1.78
stableim-2-1_6b 1.64 4.94

RWKV-6 "Finch" World-v2.1 1.60 4.58

67.4% 76.7%  76.0% 44.6%  93.4%
75.8% [N738%) 67.9% 63.5% 453% 75.4% 37.6% 40.2%  94.6%

65.8% 76.3% 75.8% 68.9%  64.3% 68.6% 39.8%

67.3% [[739% 74.9%

Im-evaluation-harness params LAMBADA English LAMBADA PIQA  StoryCloze16 Hellaswag WinoGrande arc_challengi arc_easy headQA_en openbookQA  sciq ReCoRD MultiLang xLBD xSC XWG xCOPA

model B ppl avg% acc acc acc acc_norm acc acc_norm acc  acc_normacc_norm  acc em avg% acc
RWKV-7 "Goose" World-v2.9 0.450 '

SmolLM2-360M (+emb = 407m) 0.407 ) 71.8% 68.2% 59.0%
RWKV-7 "Goose" Pile 0.421 c | 69.2% 67.7%  48.1%  56.4% 56.2%  32.1%
mamba-370m (+emb = 421m) Pile 0.421 69.5% 46.5%  55.5% 55.0%  32.3%
RWKV-5 "Eagle" World-v2 0.462 = 8.87

53.8% 56.3%
56.7%  69.2%  58.1%

32.2% 29.4%  50.7% 57.3%  52.9%
28.5%  50.5% 57.3% = 52.4%

32.5% 52.8% 58.8%  54.0%

86.6%

Im-evaluation-harness params LAMBADA English LAMBADA PIQA  StoryCloze16 Hellaswag WinoGrande arc_challengi arc_easy headQA_en openbookQA  sciq ReCoRD MultiLang xLBD xSC XWG xCOPA

model B ppl avg% acc acc acc_norm acc  acc_normacc_norm  acc em avg% acc

RWKV-7 "Goose" World-v2.8 0.191 27.6% 71.3%
SmolLM2-135M (+emb = 163m) 0.163 70.1%

RWKV-7 "Goose" Pile 0.168  14.2
mamba-130m (+emb = 168m) Pile 0.168 16.0

83.8%
81.8%

65.5%  61.8%

45.6%

29.1%  30.0%

52.8%
53.2%  52.4%




More Benchmark Performance of RWKV-7 (circa Feb 2025)

Im-evaluation-harness params LAMBADA English LAMBADA PIQA

(same dataset & tokenizer) B
RWKV-7-Pile "Goose" 1.47
mamba-1.4b (1.47b if +emb) 1.47
pythia-1.4b-v0 1.41
RWKV-4-Pile "Dove" 1.52

Im-evaluation-harness params LAMBADA English LAMBADA PIQA

(same dataset & tokenizer) B
RWKV-7-Pile "Goose" 0.421
mamba-370m (421m if +emb) 0.421 |
pythia-410m-v0 0.405
RWKV-4-Pile "Dove" 0.430

Im-evaluation-harness params LAMBADA English LAMBADA PIQA

(same dataset & tokenizer) B
RWKV-7-Pile L33-D512 0.164
RWKV-7-Pile L25-D576 0.165
RWKV-7-Pile "Goose" 0.168

ppl

ppl

14.2

avg% acc acc

70.8%

67.7%

StoryCloze16 Hellaswag WinoGrande arc_challeng arc_easy headQA_en openbookQA

StoryCloze16 Hellaswag WinoGrande arc_challengi arc_easy headQA_en openbookQA

ReCoRD
em

scig

acc_norm acc acc_norm acc acc_normacc_norm acc

59.1% 61.3%

57.0%

87.1%
85.5%

83.2%
81.4%

60.6% 34.8% 34.0%

sciq ReCoRD

acc acc_norm acc acc_norm  acc  acc_normacc_norm  acc em
66.3%  46.5%  55.5%  55.0% |

53.0%  26.0%
63.8%  40.9%
StoryCloze16 Hellaswag WinoGrande arc_challengi arc_easy headQA_en openbookQA  sciq ReCoRD
acc acc_norm acc acc_norm acc  acc_normacc_norm  acc em

avg% acc acc

36.9% 47.9% 81.8% | 71.9%

mamba-130m (168m if +emb) 0.168

pythia-160m-v0 0.162 =

RWKV-4-Pile "Dove" 0.169

LSO
4.4

64.4%  60.4%

35.3% 48.1%  28.8%

28.7%  29.0%

47.1% [283%  29.4%

78.1%  68.9%

66.3%
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https://hugqgingface.co/blog/rwkv

https://www.rwkv.com

Short Talk by Eugene Cheah - From idea to LLM (RWKYV / Recursal)
https://www.youtube.com/watch?v=yiewqC6qNM8

Reading the Original RWKYV paper with Yannic Kilcher RWKV: Reinventing RNNs for the Transformer Era
(Paper Explained), https://www.youtube.com/watch?v=x8pW19wKfXQ

{®=EE S RWKVIg X2 - 7£ TransformerBt4X %2 RNN, https://www.youtube.com/watch?v=0luAv99GHBs
Deep Dive on RWKV: 2-hour interview w/ Eugene Cheah, an RWKV committee member:
https://youtu.be/dvk6X5zelfY o
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2024 in Post-Transformers Architectures
(State Space Models, RWKYV)
[LS Live @ NeurlPS]

https://www.latent.space/p/2024-post-transformers
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