Regression and

Gradient Descent

Source: Intro. to Machine Learning
By Andrew Ng, Stanford, Coursera



Training set of Size in feet? (x)

Price (S) in 1000's (y)

housing prices 2104
(Portland, OR) 1416
1534
852
Notation:

m = Number of training examples
X's = “input” variable / features

y's = “output” variable / “target” variable
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Regression Problem

Predict real-valued output
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Traini ng Set Size in feet? (x)

Price (S) in 1000's (y)

2104
1416
1534
852

460
232
315
178

Hypothesis: hg(x) = 0y + 01z

Oi‘s:  Parameters

How to choose 6;'s ?



Hypothesis:
h@(ﬂf) — (90 -+ 9133

Parameters:
907 91

Cost Function (aka Loss Function):
7(00,0) = 75 2 (ho(a?) = y0)°

Goal: minimize J(6y, 01)
00,01
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Gradient descent



Have some function J(6y,61)

Want min J(H(), (91)
00,01

Outline:
 Start with some 6, 6
* Keep changing 6o, 61 to reduce J(6y,61)

until we hopefully end up at a minimum
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1 s,

@1 = 0, —@i«](eﬂ

If ais too small, gradient descent /
can be slow.

If oLis too large, gradient descent
can overshoot the minimum. It may
fail to converge, or even diverge.
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I s 07 at local optima

d
Current value of 64 0, =0 —a—2UJ(0
1 1 adﬁl (1)




Gradient descent algorithm

repeat until convergence {

0, :=0; — ai J(6p,01) (simultaneously update

0 j=0and j=1)



Gradient descent algorithm

repeat until convergence {

0

0;:=0; — a%J(Ho,&) (for j=0and j=1)
}
Correct: Simultaneous update Incorrect:
temp0 := 0y — 0480 J(6y,61) tempO0 := 0y — 0480 J(6y,61)
templ := 0 — O‘ae J(60o,61) 0o := temp0
0y := tempO templ := 6; — 0439 J(eOa 91)
0, := templ 61 := templ




Gradient descent algorithm Linear Regression Model

repeat until convergence { hg(x) =0y + 01«
0
9] ::9 &%J(90,91>

J(00,01) = 5= 3 (he(a®) — y9)?
(forjzlandj:()) 2 z:l( )







Gradient descent algorithm & < o S

a ST
repeat until convergence { /
Oy := 0y — Oz% Z (he(x(’&)) — y(z))
=1

-

\ =1
%& (o, )

update
0o and 64
simultaneously
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Linear regression with gradient descent

1 . |
Jtrain(@) = _m Z(hQ(-T(Z)) B y(@))Q
Repeat {
05:= 05 = Oéi Z(he(a;(i)) — @)

m
1=1

(for every j =0,...,n)

% 20 -20 0,



Linear regression with Batch Gradient Descent

ho(z) = 0;x;
§=0

1 - (] 1
Jtrain(‘g) — 2_ Z(hQ('r( )) — y( ))2
1=1
Repeat {
1 & . .
0 =0 —a— > (ho(z') —y)
1=1

(forevery j =0,...,n)

500
0o

-500 0

1000

1500

2000



Stochastic gradient descent

1. Randomly shuffle dataset.
2. Repeat {
fori:=1,....m {
0; :=0; — a(hg(z) — y(i))x(-i)
(forj =0,...,n)

_0‘5 1 1 1 1
-1000  -500 0 500 1000 1500 2000

o

Learning rate « is typically held constant. Can slowly decrease «
over time if we want 6 to converge. (E.8. 0 Ssmmns: )= O

nNumber) + const2




Mini-Batch Gradient Descent
Say b =10, m = 1000.

Repeat {
for 4 =1,11,21,31,...,991 {
1 — (k) (k) . (k)
0 = Qj—al—okz_:(he(@“ ) =y )z,

(forevery j =0,...,n)



Mini-batch gradient descent

Batch gradient descent: Use all m examples in each iteration
Stochastic gradient descent: Use 1 example in each iteration

Mini-batch gradient descent: Use b examples in each iteration



Advice for applying
machine learning

Diagnosing bias vs.
variance

Machine Learning



Bias/variance

% X % X
(] X ] X
£ £ x
X X
Size Size
Oy + 012 0o + 01z + Oy2?
High bias “Just right”

(underfit)

Price

Size

90 —I— 9133 —|— 9256‘2 —|— 9356‘3 -I- 9426‘4

High variance
(overfit)



Bias/variance

£
x \
Size Size Size
90 + (9156 (90 + ngj + 02552 Og + 012 + 92562 + 9356‘3 + 9426‘4
High bias “Just right” High variance
(underfit) =2 (overfit)

)+ A4



Bias/variance

Training error:  Jy,qin(6) = 5 Z _y(©))2
Cross validation error: j,,(4) = L i(h (2(0)) — ()2
1=1
A
S
o

Price
Price

N
7

Size degree of polynomial d Size



Bias/variance

Training error:  Jy,qin(6) = 5 Z y ()2
Cross validation error: j_,(9) = .. i(he( D) — @) (o Tewt (8)
— Cv Z 1
§ | & Seu (83 <°“ ‘S*'S"(b\)
]
SR

X X
X

== \_/c;r‘- ( 52 Jegree of polynomialld\-/ Size

Size

Price
Price




Diagnosing bias vs. variance

Suppose your learning algorithm is performing less well than
you were hoping. (J., (0) or Jiest(0) is high.) Is it a bias
problem or a variance problem?

A 0) Bias (underfit):

(cross validation
error)

error

Variance (overfit):
Jtra_in(e) ( )

(training error)

N
7

degree of polynomial d




Diagnosing bias vs. variance

Suppose your learning algorithm is performing less well than
you were hoping. (J., (0) or Jiest(0) is high.) Is it a bias

————

problem or a variance problem?

Bias (underfit):

Ve (0)
@cﬁgssvalidation — __-S-\'(o\,\ (Q b-i\\ \DQ- 1“31\
error)
Variance (overfit):
Jtra_in(e)
(training error) - ‘I's(‘_dq (6) \,\,u \e ltno
| — > < (8 > Stanle
a"'“ degreeo%pglynomiald Seul® —> s >

>7



Advice for applying
machine learning

Regularization and
bias/variance

Machine Learning



Linear regression with regularization

Model: h@(m) = (90 —|— (91513 -+ (92513 -+ (93513 —|— (945134

1

J(0) = 5~ Z(he( W) -

2m

1=1

Price

Size
Large \
High bias (underfit)

A =10000. 61 = 0,65, = 0,...

h@ (x) ~ 90

Price

Size
Intermediate \
“Just right”

292

Price

Size
Small \
High variance (overfit)



Linear regression with regularization

Model: |hg(z) = bo|+ b1z + Op* + O32° 4 O40* <=

m

J(0) = 1 Z(he(:ﬁ(i)) — )2 4 % ZH? J <—

2m 4 :
1=1 j=1«

Price
Price
Price

X X \

Size Size Size
Large \ < Intermediate \ & —= Small \
—= High bias (underfit) “Just right” High variance (overfit)
— A =10000. 0, = 0,05 =0,... SATO

h@ (x) ~ 6’0



Choosing the regularization parameter )\

ho(x) = 0g + 01z + Oox? + O32° + O4*

1 - A
_ 2Oy N2 L 2 2
Jtrazn — 2m Z )2
Jeo(0) = gz D (ho(wl) — i)’
1=1

Mitest

Jtest(e) — 2miest Z (h9<x7§e)st) yt(gst)

1=1




Choosing the regularization parameter )\

h@( )—90+(9133+(9233 —|—19333 —|—19433 <

1
J(0) = 5~ Z(he( W) - 292
— Jtrazn — 2m Z )2 > (Sj
My —Skrv\«\
va(9> — Qﬂflbcv Z(h ( (z)) yg))) Teu
i=1 T{es—-\

Mitest

Jtest(e) — 2miest Z (he(a%ge)st) ygé,)st)

1=1




Choosing the regularization parameter )\

Model: hgy(x )—90+91x+02x —|—93x3—|—94:13

1

— 20 ) 2
T(0) = 5 ;(he( o Z G
A\ =
A= 0.01
A = 0.02
A=0.04
A = 0.08
A =10

Pick (say) 9. Test error:



Choosing the regularization parameter )\

Model: hg(z) = 0 + 012 + 022 + 93:133 + 94:17

1
_ ON 2
T0) = 5 ;we( + om Z b3
1. Try A=o0 <y —> min 3(8) — S" = T (™)
2. Try A=0.01" = nn SV = S Teo (&™)
3. Try A=0.02 = 07 5., (8Y)
\ 4. Try X =0.04 \ .
5. Try A =0.08 \ = @LQ 'Sw(@(”>
12. Try A =10 >0 Tl ™)

N oLy
£ 2= Pick (say) 9(5). Test error: —_)'J(,_sﬁ (Sm)




Bias/variance as a function of the regularization parameter )\

v



Bias/variance as a function of the regularization parameter )\
\J U onea \0ng

~




Advice for applying
machine learning

Learning curves

Machine Learning



Learning curves

Jirain(0) = ﬁZ(he(CIj(z)) ('L))Q

error

A

M (training set size)

h@(x) =0y +601x+ (92%2

y A
|
X % X
N N
P 7
A A
x X x X x
X — X >
A /P
% X X X
x* x %
X X
= >




Learning curves

error

N

~> Jtrazn — ﬁ f: (Z)
=1

7]00 _ 2mc Z(he (%)
1=1

\&J@
II‘
L~

yC’U

—> ™ (training set size)

N
7

)% <

(z))

Srana(S)

h@(x) =0y + 012 + (92%2




High bias

N

error

v

M (training set size)

If a learning algorithm is suffering

from high bias,

getting more

training data will not (by itself)
help much.

price

price




High bias

N Z
g 1 k L T (O)
: 4
\2}1‘0“ S‘Trn-’-\(SB
\ SN
M (training set size) ,

If a learning algorithm is suffering
from high bias, getting more
training data will not (by itself)
help much.

price




he(l’) = 90 + 01+ -+ 910056100

High variance (and small )\)
A
N
s o
@ x
X
A size
M (training set size) Q x .
= X x X X
. . . . = X
If a learning algorithm is suffering o L
from high variance, getting more x
training data is likely to help. x

size



he(l’) = 90 + 01+ -+ 910056100

High variance (and small \) N
N 8
S 5
@ x
A size
M (training set'size) > Q
If a learning algorithm is suffering g
from high variance, getting more
training data is likely to help. <— ) .

size



Advice for applying
machine learning

Deciding what to
try next (revisited)

Machine Learning



Debugging a learning algorithm:

Suppose you have implemented regularized linear regression to predict
housing prices. However, when you test your hypothesis in a new set of
houses, you find that it makes unacceptably large errors in its
prediction. What should you try next?

- Get more training examples

- Try smaller sets of features

- Try getting additional features

- Try adding polynomial features (z%, 23, x1x2,etc)
- Try decreasing \

- Try increasing A



Debugging a learning algorithm:

Suppose you have implemented regularized linear regression to predict
housing prices. However, when you test your hypothesis in a new set of
houses, you find that it makes unacceptably large errors in its
prediction. What should you try next?

- Get more training examples — e, \\:3\ Nononte
- Try smaller sets of features — Sxe, high  voime

- Try getting additional features —» %xa hgly bies

- Try adding polynomial features (2%, 23, x1x2,etc) => fice, high Bios .
- Try decreasing A = Fixes high Mes

- Tryincreasing A - §ixes high voriona



